1. Introduction 1.1. On Borel cohomology with Z-coefficients. Let G be a connected Lie group. Recall that the radical √ G of G is its largest connected solvable normal subgroup. Our main result is: Before stating our results in more details in Subsection 1.4, we recall some background works.
Flat bundles and bounded cohomology.
Milnor has shown in [36] that an SL(2, R)-bundle P over the closed orientable surface Σ g of genus g > 0 has Euler number satisfying (1) |(e(P ), [Σ g ])| ≤ g − 1 if and only if it admits a flat connection. Let G be a connected Lie group and let c ∈ H 2 (BG, Z) be a class of degree 2 in the cohomology of its classifying space BG. Using the fact that the classifying map of a flat bundle factorizes through the classifying space BG δ of G endowed with the discrete topology, Dupont has shown in [19, Proposition 2.2] that for a flat principal G-bundle P over Σ g the absolute value of the characteristic number (c(P ), [Σ g ]) is bounded above by the integer part of (4g − 2) c The above results raise the following general problem, first studied in degree two by Dupont in [19] , then in any degree by Gromov in [23] . For which Lie groups does the image of the natural map
induced by G δ → G, consist of bounded classes? For G a connected Lie group, the natural map H * (BG, Z) → H * (BG δ , Z) is always injective, (see Milnor [37, Cor. 1] ), contrary to the case of R coefficients, where it is never injective, unless G is contractible (it factors through continuous cohomology H that the statement is not true for a general (i.e. not necessary algebraic) connected complex Lie group [25, Remarques 7.5, b) ]. In [21] , Goldman considers the same example H/Z (over R) to exhibit nonbounded characteristic classes (in this example, H 2 (B(H/Z), R) ∼ = R injects into H 2 (B(H/Z) δ , R)). Dupont has shown in [19, Theorem 4 .1] that characteristic classes of degree 2 of semi-simple Lie groups with finite center are bounded. He has also given explicit upper bounds in the case of some simple groups (see also [16] and [17] ). In the case G is the real Lie group associated to a linear algebraic group defined over R, Gromov has shown in [23, Section 1.3, p. 23] , that all characteristic classes are bounded. The result has been improved by Bucher-Karlsson in [11, Theorem 4] : each characteristic class of G can be represented by a cocycle whose set of values on all singular simplices of BG δ is finite.
Borel cohomology of topological groups.
In [41, Theorem 10] , Moore has generalized the Eckmann-Eilenberg-Mac Lane theorem to locally compact groups. Namely, he has shown that if G is a locally compact separable group and if A is a polish abelian G-module, then the second cohomology group of Borel cochains on G with values in A is isomorphic to the group of equivalence classes of topological group extensions of G by the G-module A (see also Theorem 3.17): A) . In the case G is a Lie group, a result of Wigner (see [47, Theorem 4] and [1, Section 7] ) implies that the cohomology of Borel cocycles on G with values in Z (with the trivial G-action) is naturally isomorphic to the singular cohomology of the classifying space of G with integer coefficients: H * B (G, Z) ∼ = H * (BG, Z).
Main results.
Building on the works recalled above, we obtain the following theorems. Let us prove that Corollary 1.6 follows from Theorem 1.5.
Proof.
The group H * B (G, Z) is naturally isomorphic to the singular cohomology H * (BG, Z) of the classifying space BG of G (cf. [47] and [1, Section 7] ). The following natural diagram commutes, In Corollary 1.6, the hypothesis of linearity on the radical is needed; we will give for every i > 0 an example of a 2i-dimensional connected Lie group G i with non-linear radical such that for all d with 1 We do not know if the condition
is the only obstruction to the boundedness of all characteristic classes: (1) The condition 1.5. Structure of the paper. The paper is devoted to proving the theorems stated in Subsection 1.4. To this end, most of the results recalled and proved in Sections 2 and 3, are needed. Each subsection of these two sections begins with a summary of the main results it contains. The reader who wishes to understand quickly the main ideas of the paper may read Section 4 first, which separately presents the proof of each implication of each theorem of Subsection 1.4, and refer herself/himself to Sections 2 and 3 when needed. Theorem 1.2 has roots in [14, Proposition 5.5 and Lemma 6.3], where some of the authors of the present paper needed to work with Borel cocycles associated to distorted and undistorted central extensions.
2. On the geometry and topology of Lie groups 2.1. Preliminaries and facts on Lie groups. In this subsection we discuss general facts about the topology of Lie groups (Lemmata 2.2, 2.3 and 2.5) and their algebraic structure (Proposition 2.8, Lemmata 2.7, 2.9, 2.13). We also recall linearity criteria for Lie groups (Theorem 2.1 and Proposition 2.10).
To fix notation, we recall some basic facts on Lie groups; a good reference is [43] . Let G be a connected (real) Lie group. Then G admits a Levi decomposition G = √ G · L(G) with √ G the radical of G (the maximal connected solvable normal subgroup) and L(G) a Levi subgroup (a maximal connected semi-simple subgroup; it is unique up to conjugation). The intersection
In case G is a connected Lie group, there is a closed normal subgroup Λ(G), the linearizer of G, such that G/Λ(G) is linear and such that any Lie homomorphism G → H with H linear factors through G/Λ(G) (for the structure of the linearizer see [31] In the sequel we will also deal with not necessarily connected Lie groups G; we will write G 0 for the connected component of G. By the radical √ G of G we still mean a maximal connected normal solvable subgroup of G, thus
0 is a finite group. In case G a is a connected linear algebraic group defined over R, its Lie group of R-points G a (R) is virtually connected; it might fail to be connected as a Lie group. On the other hand every connected linear reductive Lie group G is, as a Lie group, isomorphic to G a (R) 0 for some connected linear real algebraic group G a (see [33] ). The following simple observation is used later. Proof. Recall that any connected Lie group is homotopy equivalent to a maximal compact subgroup. Let K be a maximal compact subgroup of H. Then K is contained in a maximal compact subgroup of G, which is {e}. Thus K = {e} and therefore H is contractible.
Since a maximal compact subgroup of a connected solvable Lie group S is a torus, S is contractible if and only if S is simply-connected. It follows that every connected subgroup of a simply-connected solvable Lie group is contractible. 
Proof. The long exact sequence in homotopy reads
Because G/N is a Lie group, π 2 (G/N) = 0 (see [9] ), and the result follows. Proof. Let p :G → G be the universal cover of G. The connected component C of the identity in p −1 (N) is a closed connected normal subgroup ofG and the restriction of p to C is a cover of N. According to Lemma 2.3 the group C is simply-connected. Hence C =Ñ, the universal cover of N. Proof. The subgroupÑ is closed (see [38, Chapter 2 (5.14) ]). The restriction of p toÑ is a cover of N. Hence, according to Lemma 2.3, the groupÑ is the universal cover of N. Let X be any path-connected subspace of G containing N (for example X = N ). Let us show that the inclusion N ⊂ X, induces a monomorphism π 1 (N) → π 1 (X). Let c : S 1 → N be a loop such that c(0) = e and assume that there is a continuous map h : Proof. As the universal cover of a Lie group G is an extension of G with discrete central kernel, an easy argument shows that it is enough to prove the lemma when the nilpotent group G is simply-connected.
In this case, the exponential map exp : g → G is a diffeomorphism. In exponential coordinates the Lie group multiplication is given by the Campbell-Hausdorff formula
for all x, y ∈ g. As the Lie algebra g is nilpotent, the above expression has finitely many terms. Hence if g ∈ G is given, the equation gφ(t)g −1 φ(t) −1 = e is given by d = dim(g) polynomial equations P i (t) = 0, 1 ≤ i ≤ d. By hypothesis, for each i, we have P i (nt 0 ) = 0 for all integer n. Hence the equality holds for all t ∈ R. Proof. Since a connected compact subgroup of N is a torus, and since the union of all 1-dimensional tori in a given torus T is a dense subset of T , it suffices to prove that every 1-dimensional torus S 1 < N is central. Choose a surjective homomorphism φ : R → S 1 < N and t 0 ∈ R \ {0} with φ(t 0 ) = e. Then the results follows by applying Lemma 2.7.
Recall that the nilradical of a Lie group is the largest connected, normal, nilpotent subgroup. is surjective (see [30] ). Let X ∈ D such that exp(X) = k and let φ : R → [G, G] be the corresponding one-parameter subgroup φ(t) = exp(tX). Since [G, G] is a normal nilpotent connected subgroup of G, it is contained in the nilradical N of G. Let T N be the maximal compact subgroup of N. We hence have that [G, G] ∩ K ⊆ T N . Since k = exp(X) ∈ T N , it implies that φ(Z) ⊆ T N . The 1-parameter subgroup φ(R), being at bounded distance from φ(Z) (for any leftinvariant Riemannian metric on G), is bounded and hence the closure of φ(R) in N is a compact subgroup. We conclude that (1) The group G is linear.
Remark 2.11. In case the group G is nilpotent, the equivalent conditions of Proposition 2.10 are also equivalent to the following one: the group is a direct product G = T × N where T is the unique maximal compact subgroup of G and where N is nilpotent contractible. This follows from Lemma 2.8.
Proof of Proposition 2.10.
Conditions (5) and (6) are equivalent since any two maximal compact subgroups are conjugate and the equivalence of (5) and (1) was proved by Malcev in [34] . The equivalence of (1) and ( 
splits, and therefore we have a semi-direct product,
Proof. This is a classical result in the case G itself is simply-connected (see [30] ). The proof in our case is reduced to the simply-connected case by considering the following two exact sequences with commutative squares,
whereG is the universal cover of G. The map φ is an isomorphism because it is a connected covering of a simply-connected space. Thus, if σ is a splitting forG →G/ G , then p • σ • φ −1 is a splitting for G → Q.
2.2.
Topological A-extensions. In this subsection we define topological A-extensions. Moore's theorem (see Theorem 3.17) shows that they are closely related to 2-dimensional Borel cohomology.
A central extension of topological groups 0 → A → E → G → 1 will be referred to as a topological A-extension. In this setting, we always assume that the groups are locally compact and second countable and that the monomorphism A → E has closed image. We write Ext top (G, A) for the group of isomorphism classes of topological Aextensions of G, where two extensions 0 → A → E 1 → G → 1 and 0 → A → E 2 → G → 1 are called isomorphic if there is an isomorphism of topological groups ϕ : E 1 → E 2 making the following diagram commute:
In case G is a connected Lie group and A is discrete, a topological Aextension is just a covering space E → G with covering transformation group A. Such an E is determined by a homomorphism φ :
withG the universal cover of G, where π 1 (G) acts onG via deck transformations and on A via φ. It follows that there is a natural isomorphism
Distorted and undistorted central extensions.
In this subsection, we first recall some basic facts about the distortion of subgroups. The main results are then the following. We prove that in a topological A-extension of a Lie group, the distortion of A is a lower bound for the growth of any Borel cocycle defining the extension (Proposition 2.20). Then we establish an algebraic criterion to decide when certain central subgroups of a simply-connected solvable Lie group are distorted (Proposition 2.23). Finally, we show that if the radical of a connected Lie group G is not linear, then the fundamental group of G is distorted in the universal cover of G (Proposition 2.26).
Definition 2.14. Let A and E be two locally compact, compactly generated groups. We denote by L S , resp. L U , the word length associated to a symmetric relatively compact generating set S of A, resp. U of E.
Assume that A is a subgroup of E. We say that A is undistorted in E if the identity map is a quasi-isometry between
Otherwise we say that the subgroup A is distorted in E. [24, Chapter 3] , the distortion function as
Remarks 2.15. (1) Under the hypothesis of the above definition, Gromov defines in
One checks that A is undistorted exactly when the function Disto is bounded. (2) We say that the distortion of A is at least linear if there exist a > 0 and R > 0 such that for all r ≥ R, we have 
Proof. Let S be a compact symmetric generating set of H.
The proof now follows because a homomorphism is C-Lipschitz with respect to word metrics (for C ≥ 1 a constant depending on p and on generating sets) and because the projection of a path between the identity in G and h ∈ H is still a path between the identity in Q and p(h) ∈ p(H). 
Proof. Let U be an open symmetric relatively compact subset of E, small enough such that the covering projection p restricted to U, is a homeomorphism onto its image V = p(U). Let µ E , resp. µ G , be the Haar measure on E, resp. on G, such that µ E (U) = 1, resp. such that µ G (V ) = 1. The uniqueness of the Haar measure, together with the fact that the homomorphism p is a local homeomorphism, imply that for any Borel subset A of U, we have µ E (A) = µ G (p(A)) (see [7, Intégration, chapitre 7, paragraphe 2, numéro 7, proposition 10, p. 60]). Let E = ∪ n∈N K n , be an exhaustion of E by compact subsets, such that
It is a Borel subset of G because σ is a Borel map. Notice that
We conclude from this, and from the fact that the modular function of G is bounded on V , that there exists N ∈ N, such that µ G (V \ B N ) < 1/2, and such that
The set Y has the following properties:
The set X has the required properties.
Remark 2.19. A projection of separable locally compact groups always admits a locally bounded Borel section [32, Lemma 2]. The point in the above lemma is that the given Borel section σ is not assumed to be locally bounded.
The following proposition has first been proved by Gersten [20] , in the setting of finitely generated groups. Proposition 2.20. Let 0 → A → E → G → 1, be an exact sequence of Lie groups, with E connected, A finitely generated discrete (hence central) in E. Let σ be a Borel section of the projection p : E → G, with σ(e) = e. Let c :
Proof. Let x ∈ E. There exist a unique element a = a(x) ∈ A and a unique element g = g(x) ∈ G such that x = aσ(g). Let X ⊆ E be as in Lemma 2.18. The set X(σ(p(X))) −1 , is relatively compact in E. This implies, together with the hypothesis that A is discrete in E, that there exists a finite symmetric generating set S of A with the property that if x ∈ X, then a(x) ∈ S.
As µ E (X) > 0, the set XX −1 = XX contains a neighborhood of the identity of E (see [27, Chapter XII, Section 61, Exercise 3, p. 268]). As E is connected, the set X generates E.
Let a ∈ A of length relative to X equal to n. Hence, there exist x 1 , . . . , x n ∈ X such that
Applying p to the above equality, we get
Since σ(e) = e, we see that the length of a relative to S is bounded by [44] . A more conceptual proof, in the spirit of [24] , follows from the existence of a homothety, relative to a Carnot-Caratheodory metric on N, in the case N is graded. The general case is reduced to the graded case using [8, Theorem 1.3].
Proposition 2.23. Let 0 → n → g → a → 0 be an exact sequence of Lie algebras over R with n nilpotent and a abelian. Let z ⊆ n be a subalgebra which is central in g. Let G be the simply-connected Lie group whose Lie algebra is g and let Z be the analytic subgroup of G corresponding to z. Then either z is a direct factor in g, or there exists a one-parameter subgroup in Z which is distorted in G.
Proof. Let T ∈ g be a regular element, and let n(T, g) be the associated Cartan subalgebra [15, Chapitre VI, Paragraphe 4, 2, Proposition 9, p. 387]. The subalgebra n(T, g) is the big kernel of ad(T ); that is, there is an integer N ∈ N, big enough such that n(T, g) = ker ad
). The derivation ad(T ) has a semi-simple part ad s (T ), that gives n(T, g) = ker (ad s (T )), and i(T, g) = ad s (T )(g), see [15, Chapitre VI, Paragraphe 4, 2, Proposition 8, p. 385]. It follows that
because if X ∈ n(T, g) and Y ∈ i(T, g), we can chooseỸ ∈ g such that ad(T )(Ỹ ) = Y , hence
We note that the Cartan subgroup C < G associated to n(T, g) is, by Lemma 2.2, a simply-connected nilpotent group, because G is a simply-connected solvable Lie group and therefore contractible. If the intersection z ∩[n(T, g), n(T, g)] is non-trivial, then according to Proposition 2.22, there is a one-parameter subgroup in Z which is distorted in the Cartan subgroup C < G. This obviously implies that Z is distorted in G as well, and the proof is finished in this case.
So we can assume that z ∩ [n(T, g), n(T, g)] = {0}. We notice that as the subalgebra z is central in g, it is contained in n(T, g). Hence we can choose a complement V for z ⊕ [n(T, g), n(T, g)] in n(T, g). Obviously m = [n(T, g), n(T, g)]⊕V is a subalgebra of n(T, g) and hence n(T, g) = z × m. Let u = [n, n] ∩ n(T, g).
We can assume that z ∩ u = {0}. Because otherwise, according to Proposition 2.22, there is a one-parameter subgroup in Z which is distorted in the analytic subgroup of G associated to n, hence in G as well. Let q : z × m → m be the projection onto the second factor. 
, the one-parameter subgroup t → exp(tx) is distorted in G, according to Proposition 2.22. Since v − y ∈ u ⊆ [n, n], the one-parameter subgroup t → exp(t(v − y)x) is distorted in G, according to Proposition 2.22. The sub-algebra of g spanned by x and z is isomorphic to R 2 . Hence, as z = (−x) + (v − y), the one-parameter subgroup t → exp(tz) is also distorted in G. (The geometric picture is the following. To reach the element exp(n 2 z) where n is large, we start from the identity in G and we first reach with a path in exp([m, m]), of length linear in n, the point exp(n 2 (−x)). Then we follow a path between exp(n 2 (−x)) and exp(n 2 z), obtained as the left-translated in G by exp(n 2 (−x)) of a path in exp([n, n]) between the identity and exp(n 2 (v − y)) and of length linear in n.)
Hence we assume that q(
, and we will show that z is a direct factor in g. We consider a complement W for
We define the sum of subspaces,
We claim that z ×m ∼ = n(T, g). The inclusion z +m ⊆ n(T, g) is obvious. The opposite inclusion is true because if x ∈ n(T, g), then x = z + y with z ∈ z and y ∈ m, and we can write y = y 1 + y 2 + y 3 with y 1 ∈ [m, m] + u ∩ m, y 2 ∈ q(V ′ ), and
As the subspacem of n(T, g) is a sub-algebra (because it contains
, and as z is central, we obtain a direct product as claimed. What we gained in replacing m withm, is that the latest contains u because u = (u ∩ m) ⊕ V ′ ⊆m. This will be crucial in finishing the proof.
We have:
The proof will be finish if we show thatm ⊕ i(T, g) is a sub-algebra of g. Let x, x ′ ∈m and y, y ′ ∈ i(T, g). We have,
Hence we have to show that [y,
As n is an ideal of g, it is preserved by ad(T ). Hence, as ad(T ) is a derivation it also preserves [n, n]. Let n(T, [n, n]), resp. i(T, [n, n]), be the big kernel, resp. the small image, of the restriction of ad(T ) to [n, n]. We have 
Proof.
, and z the first vector of the canonical basis. As t → tX has dense image in R d /Z d , the vector X is not orthogonal to z. We may assume that X and z are in the same connected component of the complement of the hyper-plane orthogonal to z. Let 0 ≤ θ < π/2 be the angle between X and z. We may assume n ∈ N. We choose t = z n / cos θ. In the cylinder
Proposition 2.26. Let G be a connected Lie group and let K be a compact subgroup of the radical
Proof. For this proof let us set R = √ G. According to Lemma 2.9, there is a non-trivial one-parameter subgroup φ : R → [R, R] ∩ T N , where T N is the maximal compact subgroup of the nilradical N of G, which is also the nilradical of R. The closure of φ(R) in T N is a torus T ⊆ T N . Notice that T N is central in G because T N is a normal subgroup of G with discrete automorphism group. According to Lemma 2.5, the sequence of inclusions of closed connected normal subgroups T ⊆ R ⊆ G induces the commutative diagram,
whereG,R, andT , are resp. the universal covers of G, R, and T , where Γ, Γ ∩R, and Γ ∩T , are central discrete subgroups, resp. isomorphic to the fundamental groups of G, R, and T , and where the vertical arrows are injections of closed normal subgroups. Letφ(t) = exp(tX) be the one-parameter subgroup ofT which covers φ. Let r denote the Lie algebra ofR. The vector X = 0 belongs to [r, r] and is central in the Lie algebra ofG, hence we can apply Proposition 2.23, with g = r, n = [r, r], a = r/[r, r], and z = RX to deduce that the one-parameter subgroupφ is distorted inR. As the image ofφ inT ∼ = R dim(T ) is a line and as Γ ∩T ∼ = Z dim(T ) is cocompact inT , we deduce that Γ ∩T is distorted inR, hence inG as well. As Γ ∩T is undistorted in Γ, this shows that Γ is distorted inG.
To prove the existence of a distorted topological Z-extension of G, let us choose a non-zero element z 0 in the free abelian group Γ ∩T . It is possible to choose a direct summand Z in the finitely generated abelian group Γ, such that a generator z of the direct summand Z shares a non-zero power with z 0 : there exist m, n ∈ N, such that z m 0 = z n . This implies that the infinite cyclic groups (z 0 ) and (z) lie at bounded distance from each other inG (with respect to any leftinvariant Riemannian metric onG). Let B be a complement of (z) = Z in Γ and let E =G/B. Let p :G → E denote the canonical projection. The connected Lie group E is a topological Z-extension of G, with kernel generated by the image p(z) ∈ E. The proof will be finished if we prove that the kernel (p(z)) ∼ = Z is distorted in E. AsT is the universal cover of the closure T of φ, and asφ is distorted inG, we deduce from Lemma 2.17 that the embedding of p(φ) in E is distorted in E, and from Lemma 2.25 (applied with (p(z 0 )) = Z) that (p(z)) = Z itself is distorted in E.
Remark 2.27.
(
1) The above proof shows, under the hypothesis of Proposition 2.26, that the distortion function of the fundamental group in the universal cover of G grows at least linearly. Similarly, the kernel of the distorted topological Z-extension E of G is at least linearly distorted. (2) In the example of Remark 2.12, the fundamental group π 1 (G) is distorted in the universal coverG of G, but each infinite cyclic subgroup of π 1 (G) is undistorted inG. This last condition implies that the image of the one-parameter subgroup φ (in the proof of Proposition 2.26) is not closed.

On Borel cohomology
The relationship between the various cohomology groups.
In this subsection we recall the relationship we need between various cohomology groups. Recall that a map f : X → Y of topological spaces, is Borel if it is measurable with respect to the σ-algebras generated by the open subsets of X resp. Y . For G any topological group, we write
for its cohomology based on Borel cocycles (resp. cocycles which are Borel bounded, continuous, continuous bounded, or just bounded). We refer the reader to [40] [41] [42] , [26] , and [39] for the definition and functorial properties of these cohomology theories. For the coefficient group A we take a metric abelian group; if A is finitely generated abelian, we always assume that the metric corresponds to the word metric coming from a finite symmetric generating set. All groups will usually be supposed to be separable and locally compact, with topology given by a complete metric (occasionally we will also consider non-separable groups like R δ ). Our main object of study is the forgetful map H * 
The relationship between the various cohomology groups can be expressed by the following natural commutative diagram:
The map φ from the upper right corner is defined as the composition: Proof. The short exact coefficients sequence, 0 → Z → Z → Z/nZ → 0, yields long exact cohomology sequences, for Borel bounded cohomology as well as for Borel cohomology:
On d-dimensional
Using that the vertical maps are isomorphisms for Z/nZ-coefficients, the result follows from a simple diagram chase. 
is bounded then it admits a representative cocycle whose set of values on the singular simplices of BG
δ is a finite subset of Z.
Proof. The exact sequence of coefficients 0 → Z → R → S 1 → 0 admits a bounded section. Let us focus on the following two horizontal exact sequences with commutative squares, it induces. 
Lemma 3.3. Let p : H → G be a covering map of connected Lie groups. Then the induced map
Proof. As p is a π 1 (G)-Galois covering and as π 1 (G) is finitely generated abelian, we can factor p in a sequence of connected covering spaces
is an isomorphism, because the fiber of BX i → BX i+1 is R-acyclic. In case X i → X i+1 is an infinite cyclic covering, there is a circle fibration S 1 → BX i → BX i+1 with associated Gysin sequence with R-coefficients
in which θ(d) is the zero map, because the real cohomology of a connected Lie group is concentrated in even dimensions. It follows that
is surjective and therefore the composite map H * (BG, R) → H * (BH, R) is surjective too.
This now yields the following useful corollary.
Corollary 3.4. Let p : H → G be a covering map of connected Lie groups. If all Borel cohomology classes in degree d with Z coefficients for G are bounded, then they are all bounded for H as well.
Proof. Using the natural isomorphism
for L a connected Lie group, we have a natural commutative diagram
In view of Lemma 3.3 we know that p * B maps onto a subgroup of finite index. Therefore, if all Borel cohomology classes in degree d for G are bounded, then for every x ∈ H d B (H, Z) there is an m > 0 so that mx is bounded. But this implies by Lemma 3.1 that already x is bounded. 
A simple diagram chase completes the proof. 
That the horizontal arrows β and δ are isomorphisms follows from the Lyndon-Hochschild-Serre spectral sequences for the short exact sequences G 0 → G → G/G 0 , using that the Borel bounded cohomology and the Borel cohomology with R coefficients vanishes for the finite group G/G 0 in positive dimensions (for the Lyndon-Hochschild Serre spectral sequence in continuous, resp. continuous bounded, cohomology see [3] resp. [39, Chapter IV, Section 12]; as we have mentioned at the beginning of Section 3, there are natural isomorphisms R) ). From our assumption it follows that δ(u) = v is bounded, say v = ψ(w) for some w ∈ H The case of H * (BG δ , R) can be dealt with in a similar way, using the fact that the restriction map induces an isomorphism Proof. There is a commutative diagram: (1) Every element in the image of φ : [11] works in a semi-algebraic setting, hence applies to G = G a (R) 0 . Therefore, the class x δ is bounded.
Then T preserves the infinite cyclic central subgroup Z generated by any chosen non-zero central element. Thus T induces an involution on H/Z, which induces multiplication by
−1 on H 2 (B(H/Z), Z) ∼ = Z. It follows that the semi-direct product G := (H/Z) ⋊ T Z/2Z has H 2 B (G, Z) finite,
hence bounded according to Lemma 3.1 (it is a finite group isomorphic to
H 2 (BO(2), Z) ∼ = H 2 (P 2 (R), Z) ∼ = Z/2Z, because H 2 B (G, Z) ∼ = H 2 (BG, Z) and G has O(2
) as a maximal compact subgroup). But it follows from Theorem 1.2 that
According to [4] , there exists a cocompact lattice Γ in G. As the arrows of the following commutative diagram,
preserve boundedness, the class res(φ(x)) ∈ H * (Γ, R) is also bounded. Proposition 3.10 shows that the class φ(x) has a continuous, bounded representative. This proves the first statement of the proposition.
To prove the second statement, let x ∈ H cochain level by mapping a cellular n-cochain f on Y to the cellular n-cochain g on X defined by
where σ i runs over the d counter images of σ. The rest is obvious.
The following family of examples of Lie groups with non-linear radical shows that one can have unbounded characteristic classes in any positive (even) degree. (The basic idea in the construction appears in [21] and also in [25, Remarques 7.5, b)].) Example 3.16. Let G i be the i-fold cartesian product of Heisenberg quotients H/Z, where H is the 3-dimensional Heisenberg group and Z < H a central subgroup. Note that the maximal compact subgroup of H/Z is S 1 so that H * (BG i , R) is a polynomial algebra generated by 2-dimensional classes x j , 1 ≤ j ≤ i, with the property that the map induced by the j-th injection H/Z → G i maps x j to a non-zero element in H 2 (B(H/Z), R). According to Goldman [21] there is a flat H/Zbundle over the 2-torus T 2 given by a homomorphism φ : A topological A-extension 0 → A → E → G → 1 always admits a Borel section σ (cf. [32] ). We denote c σ :
The following statement is a special case of [ 
is an isomorphism. 
Proof. To prove (1), recall that by definition,
We embed ker(p) in p * (Q) by composing the inclusions ker(p) ⊂ G ⊂ G × {e}. The mapp : p * (Q) →Q, defined as (g,q) →q, gives the wanted exact sequence. To prove (2), we apply Lemma 3.18 in order to obtain a Borel section σ : Q →Q of π such that the associated cocycle c σ is bounded. Then σ
, is a Borel section of the projection p * (Q) → G and its associated cocycle satisfies Proof. Since σ (ker(q)) is central, the kernel of qp is central so that qp : X → Z is a central ker(qp) extension. One verifies that
Thus c στ is a product of three functions each of which takes only finitely many values. It follows that c στ has finite range.
Remark 3.22. Consider the following commutative diagram of groups
with q and r surjective. If σ is a section of q then pσ is a section of r and c pσ (x, y) = pσ(x)pσ(y) (pσ(xy)) Proof. We first prove that (1) implies (3). Let x ∈ H 2 B (G, A) and let E be a central extension of G with central discrete kernel A corresponding to x. Let E 0 be the connected component of E. The restriction of the projection E → G to E 0 is a connected cover of G. Hence, we obtain a commutative diagram of covering groups,
whereG is the universal cover of G. Applying the hypothesis together with Remark 3.22, we deduce the existence of a Borel section τ : G → E 0 ⊆ E of the projection E → G such that the corresponding cocycle c τ : G×G → A is bounded. As [c τ ] = x, we conclude that x is bounded.
The fact that (3) implies (2) is trivial and obviously (3) implies (1), since π 1 (G) is a finitely generated abelian group. It remains to see that (2) implies (3). Let A = Z n ×F be a finitely generated abelian group, F a finite group, and let c : G × G → A be a 2-cocycle; it has components c i : G × G → Z, for 1 ≤ i ≤ n and a component c F , taking values in F . The latter is obviously bounded. By assumption, the cocycles c i are cohomologous to bounded cocycles d i . Thus, the cocycle G × G → A with components d i and c F is bounded and cohomologous to c, finishing the proof. 
Proof. Because π 1 (BG) = π 0 (G) is finite, H 1 (BG, Z) = 0, and similarly H 1 (BH, Z) = 0. By the Künneth formula in singular cohomology, we conclude that the natural map BG ⊔ BH → BG × BH = B(G × H) induces an isomorphism ψ at the level of degree 2 cohomology with Z coefficients. On the other hand, the inclusion i G : G → G × H induces a surjection i * G in Borel bounded cohomology (because there is a retraction G × H → G), and similarly for the inclusion i H . The following diagram commutes because for each component of the vertical maps we have a natural commutative diagram:
This shows that the map H
is onto as well. 
Proof. There is a commutative diagram:
Tensoring with R, we see that the proof will be finished if we show that
is onto. But this is the case according to Remark 2.4.
Theorem 3.26. Let G a be a linear algebraic group defined over R. Let K a and S a be algebraic subgroups of G a defined over R with the following properties. 
Proof. Thanks to Lemma 3.7, we see that we can assume that G is connected. In this case G = G 0 = G a (R) 0 . According to Proposition 3.23, it is enough to prove that the universal cover p :G → G of G admits a Borel section whose associated cocycle is bounded. Let
LetS be the connected component of the identity of p −1 (S). The subgroupS ⊂G is closed. Hence it is a Lie subgroup. Since S is simplyconnected, the restriction of the covering map p toS is an isomorphism betweenS and S. In what follows, if s ∈ S, we will denote bys the unique element ofS such that p(s) = s. From this isomorphism and from the hypothesis S ∩ K = {e}, we deduce thatS ∩K = {e}. Since G = SK, we haveG =SK. There is a commutative diagram
where the horizontal arrows are A-regular covers and the vertical ones are projections of trivial left S-principal bundles. In other terms,G and G are trivial left S-principal bundles overK and K resp., and
Since K is the connected component of the identity of the real points of an affine algebraic group, we can identify K with a connected component of an algebraic subvariety of a Euclidean space R N . Since p :K → K is a covering map, for each x ∈ K ⊆ R N , there is a radius ǫ x > 0 such that the cover is trivial over B(x, ǫ x ) ∩ K, and hence we can choose a continuous section σ x : B(x, ǫ x ) ∩ K →K of p. Since K is compact, we can choose a finite trivializing cover
Each set A i is semi-algebraic, and the sets A 1 , · · · , A m form a partition of K. As each A i is contained in K i , we obtain by restriction a continuous section σ i : A i →K of p. We extend each section σ i by zero outside of A i and we define a section σ :
We define τ : G →G, g = sk →sσ(k). The map τ is a Borel section of p and is S-equivariant: for s ∈ S and x ∈ G, τ (sx) =sτ (x). Let c : G × G → A be the corresponding 2-cocycle. That is, c is defined by the equation
Note that c is a Borel map. It remains to show that c takes only finitely many values in A.
As G = SK, taking inverses, we also have that G = KS. Hence each element g of G can uniquely be written as g = ks with k ∈ K and s ∈ S. Let µ : K × S → G, (k, s) → ks, denotes the multiplication and let π(R) : G → G/K be the canonical projection. The quotient space G/K is naturally homeomorphic to (G a /K a )(R), the connected topological space of R-points of the quotient variety G a /K a , and π : G a → G a /K a is a morphism of R-varieties [6, Ch. 2, Thm. 6.8]. Consider the following morphisms
between R-varieties [6, Ch. 2, Prop. 6.12]. Since G = SK and S ∩K = 1 the above R-morphism induces a homeomorphism S → G/K. Hence the map q S : G → S, sk → s, (the composition of G → G/K with the inverse of S → G/K) is induced by a morphism of R-varieties. Let s = q S • µ. Similarly, the homeomorphism K → S\G, is obtained by restricting a morphism of R-varieties to topological connected components. We define
Let us define
This is a continuous function. Let us define
This is not a continuous function because σ is not necessarily continuous, but the restriction of f 2 to each semi-algebraic set
This is an R-morphism, hence it is continuous and the inverse images
are again semi-algebraic sets. Semi-algebraic sets have only a finite number of connected components [2] , say C 1 , · · · , C n in our case. The sets
, and the latter are partitioned by their connected components) and the restriction of f = f 1 • f 2 • f 3 to each C i is continuous.
It is easy to check that f (x, y, s) = c(x, sy) for all (x, y, s) ∈ K ×K × S (we defined the functions f i in order to obtain this equality). Since τ is S-equivariant and A is central, c(sx, ty) = c(x, ty) for all s, t ∈ S and x, y ∈ K. We conclude that the image of c is equal to the image of f . As A is discrete, it follows that the cardinality of the image of f is bounded by n because K × K × S is partitioned by the connected sets C 1 , · · · , C n . Proof. We first reduce to the case of the connected component G 0 by Proposition 3.7. Dividing by the center, we reduce then to the case we reduce to the case of G 0 /Z(G 0 ) by using Corollary 3.4. Now G 0 /Z(G 0 ) := H is a connected linear semi-simple Lie group. According to [33] bounded. According to Lemma 3.18, there exists a Borel section σ of G → G such that c σ is bounded. We may modify σ at the identity so that σ(e) = e. It is easy to check that the new cocycle c σ associated to the modified section σ is still bounded. Proposition 2.20 implies thatit is discrete and central inL. Also W is central in H because W lies in the kernel of the adjoint representation of H. So we can form the quotient
which is a linear Lie group by Theorem 2.1. According to Hochschild [30, XVIII.4, Thm. 4.3] , the group Q contains a contractible normal closed solvable subgroup X with Q/X linear reductive. Since X < √ G we can think of X as a subgroup of H = √ G ⋊L, and this subgroup is normal, since W is central. Under the covering projection H → G, this subgroup X maps isomorphically onto a closed normal subgroup V < G, which lies in the radical of G. Since Q/X is linear reductive, √ G/X is a central torus T (see [30, XVIII.4, Thm. 4.4] ). Let ξ be the covering induced from the universal coverL → G/ √ G via the canonical projection G/V → G/ √ G. According to (1) of Lemma 3.20, the total space E of ξ sits in the short exact sequence 0 → T → E →L → 1.
AsL is simply-connected, and as T is the radical of E, the sequence splits (again by Lemma 2.13). Since T is central, we deduce that E is a direct product E = T ×L.
Proof. We prove that (1) implies (4). By Lemma 4.2, G contains a normal contractible subgroup V , hence G → G/V is a homotopy equivalence, and thus H * B (G/V, Z) → H * B (G, Z) an isomorphism by Lemma 3.9. It suffices therefore to prove (4) for G/V . In the notation of Lemma 4.2, we have covering spaces R n ×L → T ×L → G/V . Note that R n ×L is the universal cover of G/V . By Proposition 3.23, it suffices to show that the cocycle defining this universal cover can be chosen bounded. For this, we appeal to Lemma 3.21, with X = R n ×L, Y = T ×L and Z = G/V . The map p : X → Y is the product of R n → T with Id :L →L and we conclude from Lemma 3.24 and Corollary 3.6 that the Borel cocycle associated with p can be chosen to be bounded. For q : Y → Z we observe that q is obtained by pulling back L → G/ √ G over G/V . According to (2) of Lemma 3.20, it suffices to prove that the universal coverL → G/ √ G has a Borel section σ such that the associated cocycle c σ is bounded. But this case has already been dealt with in Corollary 3.27 and we are done. [A k , B k ]), be its fundamental group with the usual presentation. Let h : Γ → G be the homomorphism defined by the conditions h(A k ) = p(a k ), h(B k ) = p(b k ). Let P h = Γ\(Σ g × G) be the flat principal G-bundle over Σ g with h as holonomy. In other words, the bundle P h is the pullback of the universal principal G-bundle EG by the map Bh : BΓ → BG. By construction:
As z has infinite order in the finitely generated abelian group π 1 (G), we can choose a homomorphism q : π 1 (G) → R between coefficients such that q(z) = 1. Let q * : H 2 (BG, π 1 (G)) → H 2 (BG, R) be the induced map. We have q * (o 2 (P h ))([Σ g ]) = 1. The map Bh factors through BG δ :
Let G = SO(2, R). Proof. Let c(EG) ∈ H * (BG, Z) be a characteristic class. Let P be a flat principal G-bundle over a finite complex X. By hypothesis there exists a finite cover X d → X, say of degree d, such that the pullback P d of P to X d is trivial. Hence, according to Lemma 3.15, we have d · c(P ) = 0. We apply (2) of Proposition 3.14 and conclude that c(EG) is sent to zero in H * (BG δ , R). As H * (BG, Z) ⊗ R = H * (BG, R) this shows that the map H * (BG, R) → H * (BG δ , R) is zero.
Remaining implications.
That (3) implies (4) is a tautology. That (4) implies (1) follows from Theorem 1.7.
